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Branch point area methods in 
conformal mapping 



^ I Natalia Abuzyarova and Hakan Hedenmalm 

(—* • Abstract. The classical estimate of Bieberbach - that \a2\ < 2 for a given 

'—{ ' univalent function ip{z) — z + a2Z^ + ... in the class S - leads to best possible 

pointwise estimates of the ratio (fi" (z) / (p' (z) for (p £ S, first obtained by 

r~^ ' Koebe and Bieberbach. For the corresponding class E of univalent functions 

in the exterior disk, Goluzin found in 1943 - by extremality methods - the 

corresponding best possible pointwise estimates of ij)" {z) / ip' {z) for i/i £ E. It 

; ' ■ was perhaps surprising that this time, the expressions involve elliptic integrals. 

^^ , Here, we obtain the area-type theorem which has Goluzin's pointwise estimate 

r) ■ as a corollary. This shows that the Koebe-Bieberbach estimate as well as that 

_^ ' of Goluzin are both firmly rooted in the area-based methods. The appearance 

"^3 . of elliptic integrals finds a natural explanation: they arise because a certain 

Cu ' associated covering surface of the Riemann sphere is a torus. 



> 

^ ■ 1. Introduction 

'NT 

y^ \ Area methods. Area methods play an important role in the theory of conformal 

mappings. The original Gronwall area theorem states that if ^ belongs to the class 
S, with series expansion 



+ c« 



%l>{z)^Z + ^bnZ-'^, 



n=0 



then 



(1.1) -f |^'(z)-l|'dA(^) = Vn|&„|2<l. 



5^ ' Here, AA{z) = AxAy is ordinary area measure in the plane. Also, we recall that 

5^ , ip G Y] means that ip is a. conformal mapping from the exterior disk 

]Q)e = {zeCU {oo} : 1< |z| < -f oo} 
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to some domain on the Riemann sphere S — Coo, with the properties that iIj{oo) = 
oo, and ■0'(oo) = 1. In particular, Hl.l|l imphes that |6i| < 1. After an inversion of 
the plane plus a square root transformation, it follows that for (p in the class S of 
conformal mappings of the unit disk D into C with i^(0) = and (p'{0) = 1, we 
have the estimate |(^"(0)| < 4. The Mcebius automorphisms of the unit disk allow 
us to move the point at the origin to an arbitrary point in D; this results in the 
Koebe-Bieberbach estimate 



(1.2) 



^"(z) 



2z 



^'(z) 



1 



< 



1 



z e 



This estimate is best possible in the sense that if we consider, for a given zq G 
the set of points 



ipeS 



we obtain a closed circular disk of radius 4/ ( 1 



1^0 1 



centered at 2zo/(l — \z\^). 



Goluzin's inequality. For the class S, Goluzin |S], O p. 132] found in 1943 the 
estimate analogous to H1.2|l using extremality methods. Given ip G T,, it reads: 



(1.3) 



riz) 



4UI 



4z 



E 



(A) 



< 



4|z| 



^P'iz) z(|zP-l) \z\^-1k(^^^ 
for z g Dg. Here, E and K are the elliptic integrals 
EiX). 



-(A), 



(1.4) 



and 



(1.5) 



1 ^ A2t2 



KiX) 



1-^2 



dt 



■df, 



AG 



7(1" 



Ae 



Like (|1.2|l . the estimate (|1.3ll is best possible. However, the derivation of H1.3|) which 
Goluzin employs is quite different from the above-mentioned classical derivation 
of (|1.2|) in terms of area estimates. Here, we find the area-type estimate needed 
to derive (|1.3|) . Basically, we introduce a square root slit in § between the point 
at infinity and a given point ip{zo) for zq € Dg, and apply Stokes' theorem to the 
resulting compact covering surface over the Riemann sphere. The application of 
Stokes' theorem involves the use of the Green function for the part of the covering 
surface which covers ip{^e)', in terms of the coordinates of De, this Green function 
results from applying a square root slit in Ug between infinity and zq. This latter 
surface is conformally equivalent to an annulus. From the area- type method point 
of view which is hinted above and described in detail in the following sections, the 
Green function for the annulus - which is expressible in terms of elliptic integrals 
- is the reason why elliptic integrals appear in p.3|l . 

In the paper of Bergman and Schiffer |2], the reader will find out how the 
Grunsky inequalities (a general version of the area method) can be developed from 
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the perspective of Bergman kernels. Also, he (or she) may find it interesting to 
compare the branch point area methods that are developed here with those of 
Nehari [S]. 



2. The area- type inequality 

An application of Stokes' theorem. Let S be a compact Riemann surface. We 
will later consider the special case when S is a (branched) covering surface of the 
Riemann sphere S — Coo- The Sobolev space VK^'^(S) consists of those locally 
summable functions / : S — > C for which the first-order differential ujf = d/ is an 
element of the Hilbert space of 1-forms L?(S) (see [TUl Ch. 7, pp. 181-182]). We 
recall the standard definition of the norm in Li{S): 

||cj||^2 = UJ A*U!. 

Js 
Here, we use the standard Hodge notation 

uj — u dz + V dz, *Lu — —iu dz + iv dz, 

where z is any local complex parameter. The space VF^'^(S) is supplied with the 
semi-norm 

WfVw^.^ = l|d/|li.. 

We will consider the space W^''^{S) as taken modulo the constant functions; that 
is, any constant function will be thought of as the zero function. This is done with 
the intention to make the above semi-norm a norm on W^''^{S). In terms of a local 
complex parameter z, the differential LUf = d/ may be written as 

Ljf = dzfdz + dzfdz. 

This is the local form of the global decomposition 

where in terms of local coordinates ujf^i — dzf dz, ujf^2 ~ dzf dz (see jSl Ch. 1, p. 
62-63 and Ch. 2, p. 153]). 

The function / G M^^'^(S) generates the second-order differentials 

A/,1 — u!f,i A aj/^i, A/_2 = —^f,2 A cZ'/,2, 

which have the form 

(2.1) A/a = I9./I' dz A dz, A/,2 = |9./P dz A dz, 

in a local complex parameter z. Note that 



\ff^,^.^\j Kf^, + \j Kf^2. 



s s 

The next result is a consequence of Stokes' theorem. 
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Proposition 2.1. For f G Vl^^^^(S), both integrals j Af^i and j Af^2 are finite, and 

s ' s ' 

(2.2) jAj,,=jAf^2. 

s s 

Proof. Assume that / e C^(S), and consider the integral 

d(/d/). 



s 
Simple calculations give us 

d{f df) = {\dj\^ - \dj\^) dz A dz 

in a local complex parameter z. This means that 

(2.3) jd{fdf)^ j Af^^~ j Af^2. 

s s s 

By Theorem 6-4 [TUl Ch. 6, p. 167], we have 

j d{fdf)^0. 
s 
In view of (|2.3f) . we obtain 

s s 

The general case / £ M^^'^(S) follows by approximation argument. D 

We point out that Proposition 12.11 claims the following: for the exact first- 
order differential form uj = cuf, 

s 
which, of course, is not true for an arbitrary 1-form. 

Solution of Laplace's equation on a subdomain. We consider a nontrivial finitely 
connected subdomain il of the compact Riemann surface S (nontriviality means 
that ri 7^ 0, S), and a meromorphic function R on S, the poles of which are all 
contained in Jl. The poles of R are denoted by pi, . . . ,pn, and mj is the order of 
the pole pj, for j = 1, . . . ,N. 

Proposition 2.2. There exists a function Q : S ^ S with the following properties: 

(Ql) Q equals zero on S\fl; 

(Q2) Q is harmonic on n\ {pi, . . . ,Pn}', 

(Q3) the function P = R — Q is of Holder class Lip ^ ori S, and it belongs to the 

Sobolev space W^''^{S). 
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Proof. As a matter of convenience, we assume in the first part of this proof that 
the domain Jl has real-analytic boundary. For ft, considered as a Riemann surface, 
we introduce its conjugate surface fl* (see ^1 Ch. 8, p. 217, Problem 1]). Let n* 
be another copy of ft and * : Jl — > J7* be the identity mapping, p* = *{p). We 
also use the same notation * for the inverse mapping, * = *^^, so that p** = p. 
The complex structures of Jl and ft* are different, however: if z = $(p) is a 
local complex parameter about some point po £ ft, with $(po) = 0, we pick 
z = i'(p) = $*(p*) as a local complex parameter about Pq, where the latter 
relation is used to define the function $*. Out of il and Jl*, we form the Schottky 
double 

n = fiun*udn 

by identifying conjugate boundary points p £ dfl and p* G dfl* . As a local complex 
parameter near the identified boundary points po — Pq £ 9$!, we pick 

_ f$(g), peflUdfl, 

""'[^P*), pen*, 

where z = <i>(p) is a special type of local complex parameter about pq: it is defined 
on some neighborhood y C S around po, and it maps V nn onto a region in the 
upper half-plane Imz > 0, with <&(po) — ^-nd such that the connected segment 
of dn n V containing po is mapped onto a segment of the real axis (see [TDJ Ch. 
8, p. 217, Problem 2]). This way, we supply fl with the structure of a compact 
Riemann surface. By Corollary 8-1 in '10' Ch. 8, p. 211], for every point pj, there 
exist functions gj and g* with the following properties: 

• gj is harmonic in il \ {pj}, and g* is harmonic in ft \ {p*}; 

• gj has at the point pj the same singularity as R, while g* has at the point p* 
the same singularity as —R o *. 

We now put 

Qiip) = I {g.ip) + 9*{p) - 9Ap*) ~ 9W)\- 

The function Qj has the following properties, for j = 1, . . . , A^: 

(1) it is harmonic in fi \ {pj}; 

(2) the function R — Qj is regular at the point pj] 

(3) Qj is continuous in O \ {pj}, and Qj{p) ~ for p e cTJ. 

Next, we define the function Q by 



Q{p) -^ ^^' 



N 

j:q,{p), pen, 
0, pes\n, 

and introduce the associated function P, as given by 

P{p) = Rip) ~Q(p). 
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The properties of Q imply that P coincides with R on the compact set S \ Jl, and 
that P extends harmonically across the set {pi, . . . ,piv}- Moreover, in view of the 
real-analyticity of the boundary 9J1 it follows that the function Q is Lipschitz- 
continuous near 911, making P Lipschitz-continuous on all of S, and hence we get 
Pg VFi'2(S). 

All the above considerations are valid under the assumption that H has real- 
analytic boundary. In the general case, we may approximate Jl by a increasing 
sequence of domains J7„ with real-analytic boundaries. For each such domain Jl„, 
we construct the function Qn according to the above scheme. We then appeal to 
a well-known result of Beurling 3, p. 53], which implies the uniform boundedness 
of the local Lip 2-norms (away from the poles of R {pi, . . . ,Piv}) of Qn- Thus, 
the sequence {Qn} converges in a weak sense to some function Q, defined on H. 
We set P — R — Q with this limit function Q. The functions P and Q satisfy 
all required conditions, with one possible exception: we need to show that P G 
W^'^(S). However, this is an obvious consequence of the following fact: the function 
P solves the Dirichlet problem on O with boundary values equal to R, and the 
solution to the Dirichlet problem minimizes the Dirichlet integral over Jl. The 
VF^'^(S)-(semi-)norm of P is the sum of its Dirichlet integral over ft and the 
Dirichlet integral of R over S\r2, which both are finite. In view of this, we conclude 
that P belongs to W^'^{S). D 

The area-theorem type inequality. We want to apply 1)2. 2|1 to P = R— Q. For this 
function, we have, by (|2.1|l . 

Ap,i = \d,XR - Q)\^ dz A dz, Ap,2 = \d,XR - Q)\^ dz A dz, 

where z is a local complex parameter. 

Note that the area element dA{z) is ^ dz A dz. We have 

^/Ap,>^|Ap,, 
s o 

and 

Ap,2 = / Ap^2- 

s n 

Combining these relations with l|2.2|) . applied to the function P, we obtain 

(2.4) j\^P,i<j\^P,2. 

o n 

where, in terms of local coordinates, 

'- Kps - \d.R - d,Q\^dA{z), i Ap,2 - \d,Q\^ dA{z). 

Let us note that we have equality in H2.4|l precisely when the complement 
S \ 17 has zero area. 
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In the next section we will consider more concrete choice of S, il and P, to 
derive from 12.4|l area theorem type estimates for univalent functions. 



3. Applications 

The torus subdomain. For a covering surface S of the Riemann sphere, we will 
denote by tt the projection mapping of S onto S. 

Let S be the image of the Riemann sphere § under the mapping z i— s- z^. 
Thought of as a covering surface of S, S is a two-sheeted covering, with associated 
projection tt : S ^- S. The covering has two branch points in S, which we call 
and oo. They project to the points and oo : 7r(0) = and 7r(oo) = oo. 

We now describe a concrete domain Jl. Let (p{'w) be a univalent function, 
defined in the unit disk D, which maps into §, such that for some real parameter 
ccq, < xo < 1, we have 

(p{xo) = 0, (p{-xq) = oo, ip'{xo) = 1. 

We put 51 = <p(B') and note that fl contains the points and oo. We will use the 
notation for the inverse function to ip : 

Denote by ft the lifting of il to S, so that 7r(0) — fi. To get fl, we should 
first cut Q from to oo, then take two copies of such cut fl, and attach them 
crosswise along the cuts. 

The preimage of the cut from to oo in f2 is a cut from a;o to —xq in the unit 
disk D. Attaching crosswise along these preimage cuts two replicas of cut D, we 
get a two-sheeted covering surface D, which is conformally equivalent to ft. The 
surface D has two branch points, which project to the points xq and —xq of the 
unit disk. 

We need to define an analytic self-mapping D ^ D. It will be the corre- 
spondence p 1-^ p' between the points p and p' belonging to the different sheets 
of D. Namely, the point p with the projection Tr{p) = z, z e D \ {a;o, —xq}, is 
mapped to another point p' G D with the same projection 7r(p') = z. For p such 
that it{p) = ixo, we put p' — p. We will call p' the mirror point to the point p. 

We now define the mapping (p : D — > 17 to be the lifting of cp to D. By 
definition, it maps the point p G D to the point p G O with the projection 
(p{-K{p)), i — 1,2. We also define 

which is the lifting of : J7 -^ D. 

Further, denote by p' the point v'(p') fo'' P = fiv) '= ^- We get an analytic 
self-mapping O ^ il, which takes any point p G H \ {0, oo} to the other point 
p' G ri\ {0, oo} with the same projection: 7r(p) = 7r(p'); each of the points 0, oo, 
is taken to itself. As in the case of the points p, p' G D, we will call p' the mirror 
point to the point p. 
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Next, we introduce a nieromorphic function i?(p), p G S, which has a simple 
pole at the branch point and has no other poles. Note that any meromorphic 
function / on our surface S can be expressed in terms of the global coordinates of 
S = CU{oo} as 

/(z) = /i(z) + V^/2(z), 
where /i and /2 are meromorphic functions on §, and -^/z means the algebraic 
square root of z. We define the function R to he the above f with the choices 
fi{z)^0,h{z) = l/z. 

Our next project is to construct the function Q, which satisfies the conditions 
(Q1)-(Q3) of Proposition 12.21 for this given R. To this end, as a first step, we 
consider the Green function G'n(p, q) of the domain ft. For fixed q G Jl, the 
function p i— > Gfi{p,q) is harmonic on Jl \ {q}, vanishes on the boundary dft, 
and has the logarithmic singularity — log|z| + 0{1) in terms of local coordinates 
around p = q. The function cj) maps il onto D conformally. It follows that (see 
[3 Ch. 6, §2, pp. 201-202]) 

Gnip,q) = GD{(t>{p),4>iq)), P,q&'D, p = 4){p), q = 0(q). 
For p,q € D, we define 

G^Hp.q) = GniP,q)-GD{p',q), 

G^*(p,q) = Gg*(c/.(p),0(<z)), P = <P{p), q = 0(g). 

From the above definitions, it follows that 

G^'(p',q) = -Gfi*(p,q), p,qe^, 
(3.1) Gd(p',9) = ~G^'{P,q), P,qeB. 

The functions R and i^D = Ro ip have the same property: 
i?(p') = -i?(p), p, p' G S, 

R^{p') = -Ru{p), P, p'eD. 

For our further considerations, we need yet another covering surface of §. To 
get it, we first supply § with two cuts. One of the cuts is made in B from —xq to xq 
as we did earlier for the description of D. The second cut goes from — I/xq to 1/xo. 
Also, this cut is to be obtained from the first one by reflection in the unit circle: 
z i—f \/z. As we attach two copies of such cut Riemann spheres crosswise along 
the corresponding (same) cuts, we obtain a compact surface, which we denote by 
n. It is a two-sheeted covering surface of § with four branch points. In terms of 
conformal equivalence, II is a torus. As the second cut from —1/xq to I/xq falls 
outside the unit disk D, we may think of the surface D as a subdomain of II. 

For a moment, let us fix an arbitrary g G D. In addition to (|3.1|l . G^{p,q) 
has the following properties: 

(1) Gg'(p,g) = 0, forpGc»D. 

(2) the function p i-^ G^'(p, q) has the logarithmic singularity — log \z\ + 0(1) in 
terms of local coordinates around the point p — q and the logarithmic singularity 
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log|z| + 0(1) in terms of local coordinates around the point p = q' , where q, q' 
are mirror points to each other (so that q y^ q' and Tv{q) = 7r(q') G D). 

(3) G'q*(p, q) is harmonic on D \ {q}. 

Next, we describe a self-mapping 11 ^ 11, reflection in 9D. Namely, this 
mapping takes the point p with the projection Tv{p) = z to the point p* with the 
projection tt{p*) = 1/z. The choice of p* from the two different points of 11 with 
the same projection 1/z is defined by the following requirements: our mapping 
must be continuous on 11, and p* = p for all p € dD. 

The function Gf^* may be extended harmonically across the boundary 9D. 
Indeed, by the Schwarz reflection principle, for any fixed q € D, we define Gq*(p, q) 
on the complement of D by 

G^*(p, q) = -G^\p*,q), peU\r>\ {q*, {q')*}. 

The extended function p i— > G^*(p, g) is harmonic on 11 \ {q, q' , q* , {q')*}- It 
has the singularity — log |z| + 0(1) in terms of local coordinates around the points 
p = qa.ndp= {q')*, and the singularity log |z| -t-O(l) in terms of local coordinates 
around the points p = q' and p = q*. 

Remark 3.1. The reason why we consider the Green functions Gfj, Gd and the 
functions G^* , Gq* , is given by the following observation. Let Jl be a subdomain of 
§ with analytic boundary. Also, we assume that Q contains and has the property: 
w G ^ <J=^ —w G ft. We introduce 

where Go is the Green function of f2. This function can be represented as 
G^'*(^, A) = -i log \w -M' + l log \w + Xf + H{w, A), 

where H{w, X) is an odd harmonic function of the variable w. We observe that the 
function Q defined by 

Q{w) = d^G^'iw, A)|a=o = - + dxH{w, A)U=o 

w 

is harmonic on fJ \ {0}, with a simple pole at the point w = 0, and it equals zero 
on dil. So, in the special case S = §, R{z) = 1/z, we obtain the function Q of 
Proposition 12 . 21 from the function Gf]* in the above manner. 

We shall try to find the required function Q : S ^ § for the given R : S ^ S 
in an analogous fashion. The theory of elliptic functions (or integrals) is needed to 
obtain the explicit form of G^*. 

Elliptic functions and the Green function for the torus subdomain. We recall some 
definitions and facts from the elliptic functions theory (see Q] Ch.V, VI]). 
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Let A: be a real parameter, < fc < 1. We introduce the following notation: 



/o r,\ rC — Vl k, , I — Jipp-, t — V 1 ' , Ad — l^k' ' 

^'^ K^K{k), K'^K{k'), L^Kil), L' = K{1'), 

where the function K{\) is defined by H1.5I) . The values L, L', K, K' are connected 
by Landen's transformation (see [TJ Ch.Vl]), namely, 

(3.3) K = 2ML, K' = ML'. 

Let /i = e^'^^^ /^^. One of Jacobi's theta-functions i?o(") is defined by 

t?o (w) = 1 — 2/i cos 27ru + 2h'^ cos 47rii — 2h^ cos Gttw + . . . , m e C. 

We also recall the definitions of the following Jacobi elliptic functions: 

Vfc' fc'o(z) 6*0(2:) 

, ,, . _^(2.+iK') fk^ eo{z - K - iK') 

cn(z;fc) = -ie 4/f i.^^;^!^ ; ^ / _ 



A: 0o(2) 

Let K = •^"a for some real xq, < xq < 1. The point xq is the same one we 
used to define the surfaces D, fl, 11. In our further considerations, we will use the 
functions 9q{z), Z{z), which are defined with the parameter k = k. In addition, 
we will need sn(z;/v), cn(z;K), dn(z;K), as well as sn(z;a;Q), cn(2;;xo), dn(z;a;Q); 
the argument Xq appears because for fc = k, we have I = Xq. 

The function 9o{z) is entire and has simple zeros at the points 

Zm.n = '^K' + 2mK + 2inK' , for m, n ^ "L] 

likewise, Z{z) is a meromorphic function with the simple poles at the points Zm,n, 
for m,n Cz 'Zi. In addition, the functions 9o and Z are "almost" double-periodic: 

6*0(2 + 2K) = 9o{z), 9o{z + 2iK') = -h-^e-'^9a{z), 

TTl 

Z{z + 2K) = Z{z), Z{z + 2\K')= Z{z) . 

K 

We consider the rectangle 

X>={z€C: -2L<Rez<2L, -L'<lmz<L'}, 
and the analytic function 

(t(z) = Xq sn(z + L\ Xg). 
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V- = 


{ze 


v+ = 


{ze 


i?r = 


{ze 


v^ = 


{ZG 


vt ^ 


{ze 


-Dt = 


{ze 



Let us introduce the following subrectangles of T): 

-2L<Rez<0, -L'<Imz<L'}, 
0<Rez<2L, -L'<Imz<L'}, 
-2L < Re z < 0, -L' < Im z < O} 
-2L < Re z < 0, < Im z < L'} , 
< Re z < 2L, -L' < Im z < 0} 
0<Rcz<2L, 0<Imz<L'}. 

The function cr maps each of the rectangles T)^ and I?+ conformally onto the slit 
sphere 

§ \ {[-Xq; xo] U ] - oo; -I/xq] U [I/xq] +oo[ U {oo} j . 

It is also known that w = (j{z) maps the closed rectangle T) with identified opposite 
sides conformally onto H (see p Ch. VIII] or 7, Ch. VI, pp. 280-285]). 

The inverse function of the restriction of w = cr{z) to 'D~ is given by the 
elliptic integral 

w/xo 

Z = T(W) = / , : — L. 

As a conformal mapping, z — t{w) sends the upper half-plane 

C+ = {w e C : IwLW >0} 
onto the rectangle V^ , and it sends the lower half-plane 

C_ = {we C : Imw < 0} 
onto the rectangle Vi , in such a way that 

t{xo)^0, t{~xo) = -2L, t{0) = -L, 



lim r(w) = iL' , 

C+Bw—>l/xo 

lim t{w) = -2L + [L', 
lim t(w) = — L -|- iL', 



lim t(w) — 

_9to— ►l/xo 

lim t(w) 

Z-3w^ — l/xa 

lim t{w) = - 



-iL', 

= -2L-iL', 

-L - iL'. 



The function z = t(i(;) extends to an analytic function on 

C+ U C_ U ]xo, l/xoi U ] - l/xo, -a:o[. 

Its restriction to the upper half plane C+ has an analytic continuation across the 
remaining segments 

R U {oo} \ (]xo, l/xoi U ] - l/xo, -XQ 

and so does its restriction to the lower half plane C_. If we look carefully at 
these extensions, we find that the mapping z = t(w) lifts to a conformal mapping 
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n -^ C/r, where T is the additive group generated by the elements 4L and 
2iL'. We let Pfund denote the set V adjoined with the left vertical and the lower 
horizontal sides of this rectangle; then, 2?fund is a fundamental domain for C/F. 

We need understand the operations p ^-^ p' and p i—^ p* on 11 in terms of this 
identification of 11 with C/F. It is easy to see that the mirror mapping p i—f p' 
corresponds to 2 i-^ — z on C/F. Also, the reflection in dD mapping p i~f p* 
corresponds to z ^^ z*, where z* is the reflected point in the line ^-^' +R (modulo 
F). This latter fact is perhaps not entirely obvious. To see that it is nevertheless 
so, pick a point z e Pfund- We have 

(T^z) = w, sn(z + L; Xq) — — . 

Xq 

Using the relation (see (H table XII]) 

sn(M + iL'; xl) = — j-, 

Xq sn(M;XoJ 

we find that 

sn(z + L + iL'; xh = -^ — — — ^ = — -, 

XQSn(z + L;Xq) xqW 

so that 

Xq sn{{z + iL') + L; Xq) ~ w* . 

We realize that 

z* = z + iL', 

which is the formula expressing reflection in the line ^L' + M. 

Finally, we obtain a description of the image r(D) : it is the rectangle 

V 



Vu^izeC: -2L<Rez <2L, |Imz| < 

The image of 9D consists of the two horizontal line segments 

L'' 



7± = <j -2L <Rez <2L, Imz == ±. 



For (z, C) G C X C, we define the function G{z, () by 



G{z,C)=-^log 



%{Mz - MC + iK')ea{Mz + MC,) 



2 



ttM 



2M 



Im z, 



ea{Mz + MC - iK')eo{Mz - MQ 

where the function 9o is given by (|3.4I) : here, we think of log as taking values in 
[—00; +00]. 

From the properties of the function 6*0 , and (|3.3|) , we can easily obtain that 
G{z, () has the following properties: 

l°G(z,C) = G(C,z); 

2° the function z h^ G{z, C) is periodic with respect to the group F, making it a 
function on C/F; 
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3° for a fixed ^ G Pd, the function z ^^ G{z,(^) is harmonic in the variable z in 
the domain I?d\{Cj ~C}i it has the logarithmic singularities log 1^ — CI +0(1) near 
z = ( and — log|z + CI + 0(1) near z = — C; 

4° G{z,C) = as z e 7+U7-; 

5°G(-z,C) = -G(z,C). 

The property 2° means that G{T{p),T{q)) is a function on 11 x 11. From 
the above properties of G, it also follows that G{T{p),T{q)) coincides with the 
previously considered function G^* (p, q) : 

(3.5) G^'{ct{z),ct{C)) = G(z, C), (2, C) e c/r X c/r. 

We denote by 2?d the subdomain of the torus C/F whose restriction to the 
fundamental domain Pfund is the subrectangle I?d, and by Gx>d(^iC) the Green 
function of this subdomain. Then, the relation H3.5|l is equivalent to 

G(z, C) = G%'^ (z, C) = G^, (z, C) - G-v^ {-z, C), (z, QeV^y^Vj,. 

Let us consider the function 
(3.6) 

Quiz) - acG(z, C)lc=o = MZ{Mz + iK') - MZ{Mz) + ^Im (Mz) + ^, 

where Z is Jacobi Z-function (see 13.4|) 'l. The above properties of G(z,C) imply 
that Qd(z) has the properties: 

(1) it is periodic function with respect to F, so that Quiz) is a function on C/F; 

(2) the function Qd is harmonic on I?d \ {0}, and it has the singularity l/z + 0(l) 
at the point 0; 

(3) QD(z)-0forze7+U7_; 

(4) QD(-z) = -QD(z),forzeC. 

Put 

Ql(p) = (QDO-ro^)(p), pgO. 

This function satisfies the conditions (Ql) and (Q2) of Proposition 12.21 Also, it 
has the singularity 

^-^ + o(i)~- + o(i) 

t(0(^ )) z 

at the point e Jl; here. 



(3-7) ^=li-^-f^= lim4¥ 

z^O T{(j){z^)) w^xo t{w) 



hm ^^._ lin, i^^I^ ^ 'j M^ ~ 4) ■ 

w-txo T[W) to^Ko t'(w) v2 
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In view of the above, it follows that 



Q(p) = ^Qi(p) = J(Qdoxo0)(p) 



is exactly the function we are looking for. 



The area-theorem type inequality for univalent function on D. We now write down 
the inequality (|2.4|) for the function 

P{z) = {Roipo(T){z)--Qr>iz), zeVu. 



As we recall the definition of the function R, we see that 

1 



{Ro (fo cr){z) 



\M^iz)) 



where -y/il means the algebraic square root of u. Then, for our choice of P, the 
inequality H2.4() assumes the form 



(3.8) 



•De 



.'(^WKW i,^^^(,) 



2[^{ct{z))] 



3/2 5 



dA{z) < j^ J \d.QMz)\' dA{z) 



here, as usual, dA{z) is the area element, and the constant b is as in (|3.7|) . 

We intend to simplify the inequality H3.8|) . First, we evaluate the right-hand 
side of H3.8|l . Let us recall that 



QD{z)^dcGizX)\^^, = dci^GT,^iz,0-Gr,^{~zX)'j 



C=o 



so that 



C=o 



d^QMz) = ^d,dcG-n^iz,0 + d.dcGTj^{-z,C) 

The kernel 

2 

^x>d(2,C) = d:,dcGT>oiz,0, z^(, 

TT 

has the following reproducing property: for any analytic function f G L^(27d), 
fiO^ I f{z)K-v^{z,OdA{z), CeT>u. 

In particular, taking into account that the function z i— > Kx>j:,{z^ C,) is analytic and 
bounded near the point z = C, we have 



j \K-j,^{zX)?dA{z)=K-j,^{CQ). 



■Dd 
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From the above, it follows that 

(3.9) /"|<9,QD(2)|'dA(z) = ^ f \KTy^{z,0) + K-i,^{-z,0)fdA{z) 



= n'K-n^iO,0) = -2^9,5^ Gi,„(0,0) = -nd, Qd(0) = -t: d, Qn{0). 

The calculations of the right-hand side of H3.8|l can be completed by using 
the following facts from the elliptic functions theory (see ^ Ch.V]): 

(3.10) z'iu)=[dn{u;^)f-^, 

dn(0;K) == 1, 
(3.11) 



EK' + E'K -KK' = -, 



where E = E{k), E' = E{k'), K = K{k), and K' = K{k') (see equations (fO)l . 
(11.5(1 . and 1(3. 2|l ). In view of ((3.6(1 . we have 

(3.12) d,QD{z)^M^ f^[dn{Mz;K)]^ + ^ 



2KK' 



so that 

5zQd(0) = 
which is a real number. We get, by ((3.9(1 

(3.13) -^ j \d,QTi{z)\\lA{z) = 



M^E' 
K' 



2 . ., . ttAPE' 



2\T7l 



Vd 



7t{1 + xI)E' 

\b\^K' ^ 2xoil- xl)K'' 



Finally, the inequality ((3.8(1 becomes 



(3.14) 



2[^ia{z))f' b 



dA{z) < 



ttAPE' 



7r{l + xl)E' 



\b\'^K' 2xoil~xl)K'' 



A pointwise estimate. Put 



ip'{a{z))rT'{z) 1„^ , . ^_ 



2[^iaiz))f' b 
the inequality ((3.14() now takes form 



(3.15) 



J\^iz)\^dAiz)< 



ttJVPE' 
\b\^K' ■ 



By ((3.13(1 . ((3.15(1 . and the reproducing property of the function 



:d,Qi,iz) ^ -{Kj,^{z,0) + Kj,^{^z,0)), 
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we have - by the Cauchy-Schwarz inequahty 



l*(0)|^ 



*(z) 



1 



dzQoiz) 



dA{z) 



< 



M* /E' 



^2 J \^iz)\'dA{z) I \d,Q^{z)\^dA{z) < |^|2 , 



-Dd 



Vo 



whence, 
(3.16) 



' ^ '^ - \b\ K' 



Below, we shah demonstrate that this inequahty is equivalent to the estimate (|1.3|) 
of Goluzin for the class S. 

Rewriting the area-type inequality in the coordinates of the unit disk. We first 
rewrite the left-hand side of H3.14|l as an integral over D rather than I?d : 



(3.17) 



^\ct{z))ct'{z) 1 
2[^(cT{z))f' b 



dzQn{z) 



dA{z) 






dzQn{z) 



r(«>) 



t'{w) 



dA{w); 



here, the area measure dA is implicitly lifted from D to D. From H3.10|l . (|3.11|l and 
the following relations between Jacobi elliptic functions (0 table XII]), 



dn [u + iK ; k) = — i 



en {u; k) 
sn {u; k) ' 



[sn {u; k)] + [en {u; k)] ' 
we obtain, in view of (|3.6|l . 

1 



We note that the expression 



iMz;K)y 



sn 



E^ 
'K' 



[sn(Mz;^)]\^^ 



(w) 



can be simplified by using Landen's transformation of Jacobi functions (^ Ch.VI]). 
This transformation allows us to express [sn {Mz\ k)1 as a function of the expres- 
sion 

en (z; Xg) 



C(^) 



dn {z]Xq) 



2^• 
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We have 



en (z; Xq) 



2 1- il + K')[sn{Mz;K)y 



dn{Mz;K) 



dn(z;a;o) 



From these formulas we find that 



2 1 - (l-K')[sn(Mz;K)]' 



dn (Mz; n) 



^ ' '^ I + k' - {1 - K')^iz) 



2n cn{z]xl) 



Further, taking into account the relation 

sn(z + L;Xq) — , , 2^ ' 
dn(z;Xg) 

we conclude that w = ^(z) is the inverse function to 







w 

From the above, we obtain that 
|sn( ''^' 



dt 



^il-t^)il-xf,t^) 



i{Mz;k)]' 
Finally, we arrive at 
dzQniz) 



_ ^ (1 + xl){w - Xq) 

<-(■>") ^ 1 + k' - {1- k')w/xo ~ 2xo(xou;-l) 



1 — w/xq 



Xo{l + xl)l-xow {l + xD'^E' 



w eT>. 



z=t{w) 2 W - Xq AK' 

Note that the above expression is a well-defined function on B. Substituting the 



last expression as well as 



t'{w) 



1 



into the right-hand side integral of H;H7|I . we get 



if'{w) 



dA{w) 



, , ,3/2 -TdzQuiz) t'{w) 

ip'{w) {l + xl)^/x^ jl- XqW 1 



I 2[^(u;)]^/' v/2(l - a;4) V 1 + ^qw ^w + xq [w - x^f/^ 
{l + xlY E' I I ^ 



2^2x0(1 -a;4) K' ^ {w + xo){l ~ xlw"^) [w ~ x^f/^ 



dA{w) 



As we multiply by ^/uf^ — Xq inside the absolute value signs of the integral and 
divide by \w'^ — Xq\ outside them, which permits us to integrate over D instead of 
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over the covering surface D, we realize that we have derived the foUowing from 

Proposition 3.2. Let if :0 ^ S he a univalent Junction with the following property: 
for some real Xq, Q < Xq < 1, we have ip{xQ) = 0, lp{—Xq) — oo, and (^'(xq) = 1. 
Then 



(3.18) 



f'{w)^w'^ — x'^ (1 + Xo)\/2xo /I — xqw 1 



[ip{w)\ ^'"^ V(l - 4) \ l + xow W-Xq 



E' (l + a;2)2 1 



K' ^2a:o(l-a:^) VT^^i 



dA{w) t:E' 1 + xl 



< 



\w^^xl\ - K' xo(l-a;2) 



where E' = E[{1 - x^)/(l + xD), K' = K[{1 - xl) / {I + x§)) and the functions 
E{X), K(X) are defined by \1.4l o,nd (|j.5ll . Equality is attained in (|g. J^ if and 
only if ip is a full mapping. 

The corresponding estimates the class S. Let ip{z) — z + Jdq + biz~^ + . . . be an 
element of the class E. Fix a point ^ G Dg \ {cx)}. Then 



(3.19) X. . l^V^E 

satisfies < xq < 1 and we have the inverse relation 

The mapping 

viz) = 7 -7 

maps De onto D conformally and takes cx) to —xq while C is mapped to xq. The 
inverse mapping is 

-If X C l + xow 

ICI w + xo 

Consider the related function 

Id {i + xlf^{v-H^))-HO 



(3.20) ifiw) 



c i~xi e^'ic) 



which is univalent on D with ip{—xq) — cx3, ip{xo) — 0, tp'^xo) — 1. 

Substituting (|3.2l)|) into (|3.18|) and making the change of variable w — ri{z), 
we obtain, after some simplification, the corresponding inequality for ip. We write 
it down in the following form. 
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Theorem 3.3. (The area- type estimate) Fix a point ^ g Dg \ {00} . Then, for any 



(3.21) 



1/2 



^(z)-V(C)y i^{z)-iAO vi-ici-2 



l-{Qz)-'V" 1 



z-C 



'K' 



1/2 



[{i-\c,\-'){i-{Qz)-^)y'z 



dA{z) ^ 2nE' Id 



|z-C| - K' icp-r 



where E' = E{^1- \Q\-'^) , K' = K[^l- \C\-'^) and the functions E{\), K{\) 
are defined by \1.4\ and (|j.5|l . The above inequality is an equality if and only if ip 
is a full mapping. 

The derivation of Goluzin's inequality from the area-type estimate. Put 



v,(, c) = ftMi^O] '" _JM (L 



-{Czr^V 1 



ici- 



z-c 



E' 



As we recall how the inequality l|3.15|l containing the function ^ is transformed 
into H3.21() involving the analogous function $, we find that 



3/2 



l*(C,C)l = 

In view of (|3.1()|) . we then have 

l*(C,C)l< 



rvi 



\c? 



V2 



ICI^ 



nPe' 



3/2 



1-4 



l*(o)|. 



ICP 



V2\b\K' ' y °icp-i' 

where xq is given in terms of |C| by (|3.19() . By substituting the expressions for the 
constants M and b (see ()3.2|l and (|3.7|l ). and simplifying further, we obtain the 
estimate 

E' Id 



(3.22) 



l*(C,C)l< 



ICI^ 



K' icp-r 

On the other hand, a direct calculation yields 

^^'''^ 4V^'(C) 2C 2(KP-i)C^'(ICP-i)C' 

The inequality (|3.22() thus takes the form 

E' 4|CP 



'■''-" no 

From (|3.11(l . we have 



Cr(C)_2 . 2(KP-2) , 4E' KP 



ICI^ 



x'(KP-i) 



< 



X'lCP-1' 



E' _ E TT 

'K' ^^^ K^ 2KK'' 
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which, together with H3.23|) . leads to 

(^'"(C) , 4ICP-2 4|CP ^{\h 




^'(0 ICP-1 \C\'-Ik[jL 

after some simphfication; here, the functions E{X), K{X) are defined by H1.4() and 
(11.51) . This is the classical inequahty due to Goluzin (see [5], Ch.IV, §3, p. 132]), 
and if we divide by C inside the absolute value parentheses, we arrive at (|1.3(l . 

Remark 3.4. To find the extremal ip & I] which gives equality in Goluzin's inequal- 
ity 1)1. 3|l at a given point z G ©e, we should just check when we have equality in 
the Cauchy-Schwarz inequality leading up to H3.16|l . The result of this exercise of 
course agrees with Goluzin's findings. 



References 

[1] N. I. Akhiezer, Elements of the theory of elliptic functions. Translated from the second 
Russian edition by H. H. McFaden. Translations of Mathematical Monographs, 79. 
AMS, Providence, RI, 1990. 

[2] S. Bergman, M. Schiffer, Kernel functions and conformal mapping. Compositio Math. 
8, (1951), 205-249. 

[3] A. Beurling, The collected works of Arne Beurling, Vol.1, Complex Analysis (L. Car- 
leson, P. Malliavin, J. Neuberger and J. Wermer, eds.). Birkhauser Boston, Boston, 
MA 1989. 

[4] O. Forster, Lectures on Riemann surfaces. Translated from the German by Bruce 
Gilligan. Graduate Texts in Mathematics, 81. Springer- Verlag, New York-Berlin, 1981. 

[5] G. M. Goluzin, On the theory of univalent functions. Mat. Sb. 12 (54) (1943), 48-55. 

[6] G. M. Goluzin, Geometrische Funktionentheorie. (German translation of Russian orig- 
inal). Hochschulbiicher fiir Mathematik, Bd. 31. VEB Deutscher Verlag der Wis- 
senschaften, Berlin, 1957. English translation: Geometric theory of functions of a 
complex variable. Translations of Mathematical Monographs, Vol. 26 American Math- 
ematical Society, Providence, R.I., 1969. 

[7] Z. Nehari, Gonformal mapping. Reprinting of the 1952 edition. Dover Publications, 
Inc., New York, 1975. 

[8] Z. Nehari, Inequalities for the coefficients of univalent functions. Arch. Rational Mech. 
Anal. 34 (1969), 301-330. 

[9] R. Nevanlinna, Uniformisierung. (German) Die Grundlehren der Mathematischen 
Wissenschaften in Einzeldarstellungen mit besonderer Beriicksichtigung der Anwen- 
dungsgebiete, Bd LXIV. Springer- Verlag, Berlin-Gttingen-Heidelberg, 1953. 

[10] G. Springer, Introduction to Riemann surfaces. Addison- Wesley Publishing Co., Inc., 
Reading, Mass. 1957. 



Branch point area methods 21 

Abuzyarova: Department of Mathematics, The Royal Institute of Technology, S - 

100 44 Stockholm, Sweden 

E-mail address: naab@math.kth.se 

Hedcnmalm: Department of Mathematics, The Royal Institute of Technology, S - 

100 44 Stockholm, Sweden 

E-mail address: haakanh@math.kth.se 



